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In this paper we prove the two-dimensional pointwise dyadic differentiability
(provided that the distance of the indices is bounded) of the dyadic integral of
integrable two-dimensional functions. We also prove some inequality of type
(H, L") for the maximal operator sup,.n2 |da(If)].  © 1998 Academic Press

1. INTRODUCTION AND THE MAIN THEOREM

Let P denote the set of positive integers, N:=Pu {0}, and 7:=[0, 1).
For any set E let E? be the cartesian product E x E. Thus N2 is the set of
integral lattice points in the first quadrant and I? is the unit square. For
(n,,n,)=neN?set A n:=max(n,,n,), An:=min(n,, n,). Let E' = E and
fix j=1 or 2. Denote the j-dimensional Lebesgue measure of any set E < I/
by |E|. Denote the L”(I/) norm of any function f by || 1], (1<p< ).

Denote the dyadic expansion of neN and xel by n=3%7 ;n;2/ and
x=37, x;277/7" (in the case of x =k/2", k, meN, choose the expansion
which terminates in zeros). n;, x; are the ith coordinates of n, x, respec-
tively. Define the dyadic addition + as

x+y=Y (x;4+y,mod2)2~/"
j=0

j=

The sets I,(x):={yel:y,=X¢,.., y,_1} for xel, I,:=1,0) for neP,
and I,(x) :=1 are the dyadic intervals of .
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Let (w,,neN) represent the one-dimensional Walsh—Paley system
[6, 10] (w,(x)=T17_,(—1)**% neN, xel). Denote by D,:=Y"_} w,
the Walsh—Dirichlet kernels. It is well-known that [6, 10]

Sﬂf =f* DH?

where * represents the dyadic convolution, that is,

S,/(9) =] Jx) D,(yFx) =1+ D,(y).

with (yel, neP) the nth partial sum of Walsh—Fourier series. Moreover
([9, p. 28]),

2" if xel,,
0, otherwise,

Dyu(x) := {
Dn(x) = C()"(X) Z nk(DZkJrl(x) - DZI‘(X))
=w,(x) i n(—1)* Du(x), neN, xel

For each function / defined on I set

(d,h)(2) 3=’§: 277N h(t) = h(t+27771)

Jj=

for tel, neP. Then A is said to be dyadically differentiable at a point 7 if
(d,h)(t) converges, as n— oo, to some finite number AL'(¢).

Butzer and Wagner [2] showed that every Walsh function is dyadically
differentiable with

wp (1) =k (1)

for all re/ and keP.
Let W be the function whose Walsh—Fourier coefficients satisfy

. 1 k=0
W(k)z{l/k keP.

The dyadic integral of an he L' is defined to be

Ih=hx W,
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that is,
Th(1) = Lh(zirs) WAs) ds
for tel Since We L> < L' it is clear that I/ is defined for all 4 e L". Schipp

[7] obtained the following fundamental theorem of dyadic calculus: if
he L' and h(0) =0, then

(1) =h
a.e. on I
For each f defined on I? set
n—1 ny—1 X )
(duf)(x, y) = Z Y 2R (f(x, y) =[x, y 2727
=0 j,=0

—f(xjr2”"1, V) +fx 27070 p 27T

for n=(n,,n,)eN? and (x, y)eI’. Butzer and Engels [1] defined the
pointwise two-dimensional dyadic derivative of f to be the limit as
min(n,, n,) > o of (d,f)(x, y), when this limit exists.

Butzer and Engels [1] defined the two-dimensional dyadic integral of
feL'(I?) by If :=f (Wx W), where * denotes the two-dimensional con-
volution.

Define, for f'e L'(I?), the maximal function, the diagonal maximal func-
tion, and the hybrid maximal function as

f*(x]’ xZ) = Sup |f* (DZ"I XDZ”Z)(xla X2)|,

(1), ny) eN?

Joxt, x?) i=sup | fx (Do x Dyn)(x!, x)].

neN

and

f7(x!, x*):=sup 2"

neN

j 11, %) dt‘.
I(x

n

The Hardy spaces H, H°, and H?* are defined as the set of functions f in
L'(I?) for which the corresponding norms are

1A= 1* <00, ISl =M1l <o, I flue =171 <o0.

The atomic decomposition is a useful characterization of the Hardy space
H°. To demonstrate this let us introduce first the concept of an atom. A
bounded measurable function a:I*>— C is a H® atom if there exists a
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dyadic square I(x')xI/(x*)=:J, xJ,cI?> (teN, x=(x!,x?)el?) for
which

(i) L a=.
1 X2

(i) fal,. <277,
(i) suppacJ, xJ,.

The basic result of the atomic decomposition is stated as follows (see [4]).
A function feL'(I*) is in H° if and only if there exists a sequence
(a,, keN) of H° atoms and a sequence (u,, k € N) of real numbers such
that

Y mear=f ae forall neN,

k=0

and

Z iy | < o0.

k=0

Moreover,

1Nl e ~inf Y Jpel,
k=0

where the infimum is taken over all decomposition of the form above.
Schipp and Wade [ 8] (and later Weisz [12]) proved that if | f| e H” (in
particular, if fe Llog* L(I*)) and f(n,,n,) =0 for n,n,=0, then

d,(If)>f as min{n,,n,} >0

a.e. on I°
The main aim of this paper is to prove.

THEOREM 1. If fe L\(I?) and f(n,,n,) =0 for n,n,=0, then d,(If) - f
ae., as ny,n, — oo provided that |n,—n,|<p, where [ is some fixed
parameter.

After the proof of the main theorem—as an application—we prove for
the maximal operator sup, _,, <4 |d,(If)| that

I sup  |da(IO i <c 1 f e (1f1eH?)

[ny —n|| <p

(with the same condition as in Theorem 1 on the Fourier coefficients).
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1. THE PROOF OF THE MAIN THEOREM

Throughout this paper ¢ will denote a constant which may vary at dif-
ferent occurrences and may depend only on f. Without loss of generality
f P can be supposed. In order to prove Theorem 1 we need to introduce
some more notation. For each tel and neN set [7, 9]

Flty=2""Y 2/D,(t+2777"),

j=0
= Z Z “Dy(t+2777Y,
and
FX1)=Y 27/Dyuss(2).
j=0

Schipp and Wade in [ 8] proved that

n—1
d,W| <12 Y (n—1)2'~"F! +8 Z F' (1)

1=0 i=1

for all neP. Set

F&:=12Y (n+1—10)2"""F}.
=0

!

Then by (1)
|d,W|<12(F2+ F}+ F})=:12G,

for each ne N.
First we prove the following lemmas:

LemMa 2. [|F!|,<c¢ (neN, i=1,2,3).

LEMMA 3. Let 7, AeN. Then

sup Fi(t)dt<c. /27! (i=1,2,3).
1\1

41 n=A
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LEMMA 4. Let t, AeN. Then

f sup |G () dt<c /277"  and |G .|, <c
I

INL  1n=4

LEMMA 5. Let t, AeN. Then

j sup |G, (u) G, ()] dudo<c /27
12\121

An=A
neN?

Proof of Lemma 2. The proof is very elementary and therefore it is left
to the reader. ||

Proof of Lemma 3. Let tel \I,,, (over all in the proof of Lemma 3)
and see case i=3.
If A> 7, then D,.+;(t)=0 for all n> A4, je N, thus

sup F3(1)dt=0.
Iz\lr+1 n=A

If 4 <7, then

sup F(t)<sup FX(t)+ sup F.(1)

n=A4 n>rt t=n=A
= sup F;(1)
T=n=A
0 ) T—n )
< Sup Z 2_‘1D2n+/’(t)+ Sup Z 2_‘]D2/z+/’(t)
t=2nzAd j=t41—n tzn=zA4 j=0

T—n
= sup Y 272"/
tzn=24 j=0

<c27,

thus

sup F(t)dit<c<c. /27

INL, | n>4

That is, the lemma in the case of i=3 is proved.
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Next, see the case i=1.
If A> 7, then j # r implies D(t4+2"7/71)
Thus,

:0(l+27j71¢17:+1 DIA Dln)

Fi(t)=2""""Dy(t+27° ).

n

For a fixed neN (n>A4>1)

2—"+TD2n(t+2—f—1)=2—"+fj Dy(1)=2""+",
Iz+]

PAVAN

Consequently,

sup Fl(t)d i J F(1)dr

INL | n>4 M

2 j+T<621 A<C /2r7A'

If 4 <7, then by the help of the case 4 >1 we have

N
;Lw

J

sup F,l,(t)dt<f sup F}q(t)dt—I—f sup Fl(1)dt

INI, | n>4 INL 1 n>7+1 IN[L | t=n>4

1 oo
<C+F sup z 2‘]27"2"<C<C«/277A.

T=2n=A j=0

That is, the Lemma 3 is proved also in the case i=1.

The rest is to discuss case i = 2.
If A> 1, then j#7 implies Dy (t+2 7" =0 (t+27"1¢1,.,, o1,>1).

Consequently,

Fi1)=27Y 27 'Dy(t427771).

I=n

For a fixed neN (n>=>A4>1)

F2(t) dt = 2f22 j Da (1) dt<e2 .

LAV I=n

Thus,

[e’s}

sup Fo()dt< ), ¢277"<e /27

INL.,\ n>4 n=A4
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At last let 4 < 7. By the help of case 4 >7 we have

sup F2(1) d < f sup F(1) dr + f sup  F2(1) dr

IN .| n>4 INI .|\ n>t+1 INLL | t=>n>4
T

<c+ Y, FX(¢t) dt.

n
n=da "I\

By Lemma 2 we have that

sup FA(t)dt<c+ce(r—A+1)<c /274

INIL,| n=4

also in the case 7> 4. The proof of Lemma 3 is complete. |
Proof of Lemma 4. By (1) we get

n—1

sup |Gn(t)|dt<CJ sup Z (n_l)zl—nF[l

[I\IT+1 nz=A [T\I‘[+1 n=1 =4

A—1
+cf sup Y (n—10)2'""F]

INI, .1 n>4 |—0

+ci J sup F},

i=1 "I\ 1 n>4

—: B, +B,+B,.

By Lemma 3 it follows that

n—1
B, <f sup Y (n—1)2""")sup F)
I, n

n=A |=4 n=A

<cj sup Fl<ce /2774

INL | n>A
and
Bi<e /274

Since

A—1
Sup Z n_l 2/ )1F1<csup Z 2(3/4)(/ n)F1<c Z 2(’%/4)(/ A)Fl

n=zA |=0 n=zA [=0 =
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and by Lemma 3

Ir\lr+l

then we have

A—1
32<C Z 2(3/4)(17/4) 2771<C /21'7/4'

That is,

sup |G ()| dt<c. /27

TN nzA

On the other hand, by (1) and Lemma 2 the inequality ||G, ||, < ¢ follows.
The proof of Lemma 4 is complete. ||

Proof of Lemma 5.
IP\IZ = ((INI,)x I) U (Ix(I\I,))=: B, U B,.

By Lemma 4 we have

j sup |G’71( ) nz( )| du dv

B An>4
neN

T—1 © n +f

<Y ¥ Y | 1G,wlduG,,],

i=0 n=A4 ny=n—p NI

T—1

<Y Y S <o A

i=0 n=4
The integral on the set B, is similar. The proof of Lemma 5 is complete. ||
Set for n< 1t (n, teN)

n

Fri(t):=) 2/ Z 27 Dy(t+27771)
Jj=0 =1
and
n 7—1
F2(0):=Y 27 Y 27'Dy(t42771),
Jj=0 I=n

thatis, F.=F,; "+ F. .
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We prove several lemmas in order to discuss the integral
512\13 sup\/ n<t, |n—ml<p |Gn1 X an |

LEMMA 6. [,, sup,_.Fo*(r)dr<c.

Proof. Let teI\I,. Then te I\, for some de {0, 1, ..,7—1}. Then

29% 27ID,(t42797Y),  n>d

Fi’ T(t) = I=1
0 n<d.
This gives
sup F2 (1) dr:f 24 27D, (1) dt
I\ n<t Ly I=7
w0 2d
<27% 277Dyl SCog
=1 2
Consequently,
- 2
sup F>°(1) —
N n<I:‘)r ) g 2

The proof of Lemma 6 is complete. ||

COROLLARY 7. j(,\,r)z SUP\ <z |n17n2|</ij,'1’(u)Fi’z’(v)du dv<c(reN).

(Of course this corollary follows from Lemma 6 without the condition
|n, —n,| < B, but it is useless to omit it since it is supposed everywhere in
this paper.) In the proofs of the forthcoming Lemmas 8-10, 12, and 13 we
generally write SUPy n<c | —n,<p>» hOWever, there may be some more
restrictions on the indices n,, n,. They are sometimes indicated separately.

LEMMA 8. [/ 2SUDy e, n,—ny<p F o () F:7(0) dudv<c (teN).

Proof. Let velI\I,. Then vel,\I,, , for some de {0, 1, ..,7—1}. Then

Fr(v)=

I=1

0, n,<d.

2% 27'Dy(v4+2797"Y),  ny>d(thenn,>d—p)

(8.0)
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Let ueI\I,. Then uel\l,,, for some ae{0,1,..,7—1}. If n; <a, then
Fil Au) = 2’2771 27 Dy(u4277 ) =30 2727 Do (u4277 )
—Dy(ui2" "1—1) Doyu(ut) =2™. That is

7—1
s 2% 27'Dy(u+277",  n;=a
Fnl,r(u)z l=n;
2m, n,<a.
Ifa>n,=2n,—pf>d—p, then
T—1 7—1
> > J sup 2m24
d=0 a=max(0,d—f+1) “UNMas D) xUN\gp)  nj<a

|ny—nmy| < B

X Y 27'Dy(v+2""") du dv
=t

7—1 7—1

2(1 o0
<c ) > 5229 % 27 Da

Da
d=0 a=max(0,d—pf+1) =1
T—1 T—1 2d

<c z Z ?
d=0 a=max(0,d—f+1)
T—1 d

<c ) S(t—d+p)<c
d=0 2

That is, n, = a, n, >d can be supposed. We have two cases:

u—2-lel, (8.1)
and

u—2"*'el,\I,,, forsome be{a+l,a+2,.,7—1}. (82)

Discuss (8.1)
F2 (1) <c2%(t—a). This gives

T—1 7—1

y j sup Fﬁ] u) Fi’zf(v)du dv
a=0 d=0 L7 HxUNL) Vi<t
|”]*”g|$ﬂ

t—1 7—1 2 )
Z Z 2"22 IHDzlul

a=0 d=0 I=<
t—1 7—1 2"(1’—(1)2"’

=

—xC
T T
a=0 d=0 2 2

Discuss case (8.2).
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If n, > b, then for />n,>b we have D,(u+2"“"1)=0. Consequently,

n,; <b can be supposed. That is, b=n, >a and n, >d. Since n, =n, —

d— fp we have two subcases:

b>az=d—p
and

bzd—f>a.

See case (8.2.1).

7—1 b
F2 (0)=2°Y 27'Dy(ut27"")=20 Y 271

I=n; I=n,

=2(b—n,+1)<2%b—a+1).

This gives
T—1 7—1 7—1 j
d—0 a—max(d—f,0) b—a+1 "GRG QT XN ) Vin<e
Iny—ml <p
T—1 7—1 7—1
29Ub—a+1)
i /
<X ) ) T > 2D,
d=0 a=max(d—f,0) b=a+1 =1

T—1 T—1 7—1 2¢,(b_a) 2d
<y oy xp Moo

d=0 a=max(d—p,0) b=a+1

T—1 7—1 2d
<c z Z ?
d=0 a=max(d—p,0)

T—1 d
<c Yy, E(r—d+ﬂ)<c.

d=0

See case (8.2.2).
We have b=zn, >d—f,

T—1 b
F2 (w)=2*Y 27 Dy(ut2 =20y 271

l=n l=n

=2b—n+1)<2b—-d+p+1).

p=

(8.2.1)

(8.2.2)

sup Fil, Au) Fr:*(v) du dv
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Consequently,
7—1 7—1 T—1
D) | sup  F3 () F3y (v) dudo
a=0 d=a+pf+1 b=d—p "B\, @TTN XU ) Vi< -
[y —nm| < p
7—1 T—1 T—1 2(1(b_d+ﬂ+1)24

D
a=0 d=a+p+1 b=d—f

T—1 z—1 2“ T—1 2([

<c ) Y —<c¢ ) =(t—a)<c
2 a=0 2

a=0 d=a+f+1

We have discussed all the cases, and the proof of Lemma 8§ is complete. ||

LEMMA 9. [/ 2 SUDy e, n iy <p F o () F 7 (0) dudv<c (reN).

Proof. The first step in the proof is the same as in the proof of
Lemma 8.

Let vel\l,. Then velI,\I,,, for some de{0,1,..,7—1}. Then for
F* »“(v) we have the same formula as in (8.0). Let uel\l,. Thenuel\I,,
for some ae{Ol ,t—1}. If ny<a, then for I<n,<a F}(u)=
2%, 2'Doi(u+2- 1*1)=2*12j:02fD21(2*f*1)=2’, thus Fjl(u)g
c2™. In this case the situation is the same as it was in the proof of
Lemma 8.

That is, n, = a can be supposed.

We have two cases:

1,{—27‘171611- (91)
and
u—27a7161b\1b+1 for some be{a+l’a+2’ ""T_l}' (92)

Investigate (9.1).
Fjjl( u)y= Y (n +1—=10)2"""F)(u)

n
Z (n,+1—1)2!"m292 1Dy (w291

<c((nl +2—a) 2% "M 429 < c2¢,

1

2,
> Y sup  F* (u) F2%(v) du dv
a=0 d=0 “L2THXUN ) V<t
[y —nm| <p
T—1 7—1 Da t—1 7—1 2a2d

<eY ¥ ?26’22 IDslhi<e XY Sigse

a=0 d=0
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In case (9.2) we have three subcases:

n, <b, d—pf<a<n, (9.2.1)
n,<by, a<d—f<ny, (9.2.2)
a,d—p,b<n,. (9.2.3)

See case (9.2.1). As in case (9.1) we have Fj‘,](u) < ¢2 This gives

7—1 T—1 T—1

3 Y J sup Fil(u)Fﬁ;T(v) du dv
d=0 a=max(d—f+1,0) b=a+1 "B TNL Q7T xUNGL ) Vn<t
Iy — ] <

T—1 z—1 7—1 2u

<c ) ) r w2 ¥ 2Dl

d=0 a=max(d—f+1,0) b=a+1 =1
T—1 —1 T—1 1
24 24
<c ) 2 Y 3 5
d=0 a=max(d—f+1,0) b=a+1
T—1 T—1 2d T—1 2d
<c )y Y ?Sc > ?(r—d—kﬁ)éc.
d=0 a=max(d—p+1,0) d=0

Discuss case (9.2.2). Like in case (9.2.1), we have F; (u) <c2¢,

T—1 T—1 T—1

y ¥ > | sup  F3(u) F2%(v) du do
a=0 d=a+p b=d—p+1 "GRG QT XUNGL) Vi<t
[y —my| <p
T—1 T—1 T—1 2a2d T—1 Da

<c Z Z Z szr\(’ Z 21 T_a)<c

a=0 d=a+f b=d—p+1

The rest is to investigate case (9.2.3). Then,

Z (ny+1—1)2""F!u)

b
Z (n,+1=02=""292""'Dy(u+27471)

b
<c(ny+2—a)22 42 (n+1-10)2-n

l=a

<e29(n,+1—b)2v—m, (9.2.3.0)
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Since n, >d— f§ (otherwise, F;*(v) =0), we have three subcases:

a<b<d—p<n,, (9.2.3.1)
a<d—p<b<n,, (9.2.3.2)
d—f<a<b<n,. (9.2.3.3)

Investigate (9.2.3.1).

Fil(u)<02"(d—b_ﬁ+ 1)2b—d+5,

t—1 7—1 7—1

YOy Oy j sup  F3(u) F2%(v) du do
a=0 bea+1 d=b+p G2 TINL QT xUN, ) Vn<t
|y —ny| <p
T—1 T—1 T—1 b—d+p ~nd
2d—b—p+1)2 2
<y ¥ % = z
a=0 b=a+1 d=b+p
T—1 T—1 20 1712(1
<cy Y ?(r—b)zéc > 2T(‘c—a) <e.

a=0 b=a+1 a=0

Discuss (9.2.3.2). Then (see (9.2.3.0)) we have Fjl(u) < ¢2¢ Thus,

T—1 7—1 7—1

2 2,
> ¥y o | | sup  F2(u) F2%(v) du do
a=0 d=a+p b=d—f+1 "R TN QTN XU ) Vn<t
I, —myl <

7—1 T—1 7—1 2u2d

¢y X X e
a=0 d=a+f b=d—p+1 272

7—1 T—1 Da T—1

€T T Sel pG-ase

a=0 d=a+f

Finally, see case (9.2.3.3). As in case (9.2.3.2) we have Fﬁl(u)<c2” (see
(9.2.3.0)).

T—1 T—1 7—1

2,
Y ¥ > | sup  F(u) F2%(0) du do
d=0 a=max(0,d—pf+1) b=a+1 <1[7(27“71)\1[7+I2 “ l))X“I\IzH Vn<rt
Iny—nyl <
T—1 T—1 T—1 d
292
<c ) ) ) 3557
d=0 a=max(0,d—pf+1) b=a+1
—1 —1 2d 7—1 2d
<c ) > ?Sc Y ?(T—dJrﬁ)SC
d=0 a=max(0,d—f+1) d=0

All the cases discussed, the proof of Lemma 9 is complete. |
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Set for n<t
T—n—1 e
Fir = z 27'1D2n+j, Ffl,r = Z 27JD271+/.
Jj=0 j=t—n

Then, F,=F, +F,".
If ue I\I,, then

F, (u), n<r,

10
0, n=rt. (10)

Fin={
LEMMA 10, [\, 2 SUDy e, ny —ny < p F () F () dudv <c (reN).

Proof. Let uel\I,. Then ueI,\I,, , for some a€ {0, 1, .., 7—1}. This
gives

(I*nl
F (u) Y 2n=(a—n,+1)2"<c24 n, <a,
u)=-< ;=
ny Jj=0
0, n,>a.

Let veI\I,. Then ve I,\I,, , for some de {0, 1, .., t— 1}. This implies that
for F i; “(v) we have the same formula as in (8.0). That is,
azn,=n,— f>=d—f can be supposed.

7—1 7—1 2142d
J sup  F, (u) Fy"(v)dudv<c ), Y ==
(’\1,)2 Vn<t ! ’ d=0 a=max(0,d—f) 292
\nlfnz\gﬁ
7—1 2d
<c ) =(t—d+p)<c
d:02

This completes the proof of Lemma 10. |

Corollary 7 and Lemmas 8, 9, and 10 give

COROLLARY 11. [\ /12 SUD\/ ac. jny — < F () F 2 7(0) du dv<cfori=2,3,4
(reN).

Next, we prove the boundedness of integral L Ny <2 SUPY n <z In, —m <p
F, (u) F, (v) du dv for some i and j.

LEMMA 12, [ n/)p SUPy ner oy —my < o (u) F(0) dudv<c,  where
i=2,3andj=2,3,4.

Proof. Let vel,, v#0. Then vel,\I,,, for some d>1. As in the
beginning of the proof of Lemma 10 we have Fzz(v) =(d—n,+1)2m,



TWO-DIMENSIONAL POINTWISE DYADIC CALCULUS 207

On the other hand Fri(v)=>72"37, 2" 'Dy(v4+277"1=0 (j<
m<t), F;, (0)= 2’ZT71 2" ]Dz/(v+2 I =2"27"" Dyn(27 )
—2%, and for l<n2<r we have Flv)=27"%!_,2/Dy(v4+2777") =

2! JI:o 2/Dy(27/71)=2" Thus, Fi(0) <c2™, This 1mp1ies that j=3 can
be supposed.

Let ueI\I,. Then ue I\, for some ae {0, 1,..,7—1}.
Set i=3. Then

F3 () = 2"(a—n,+1), n <a
i 0, n,>a.

That is,

3 3
f sup  F3(u) F3(v) du do
(INI) x I Vn<rt

[n—nmy| <p

ril Z 2}11(a*n1+1)2n2(dfn2+1)
sup -
a=0 d=t n<a,n<rt 2 2d
[n —m[<p

— 0 2112a+/3’(d_ (1) © 9T
> L e seX pld-ose
=0 d=

d=1

a

Next, set i=2. By Lemma 6 we have

f sup  F2%(u) F3 (v) du dv
(I\L) % I, ! 2

Vn<rt
[ny—my| <p

5 sup 2"(d—n,+1)

ny, <t

SCJ supF2 é

I, ny<t

O 2'[
<c ) ?{(d—f—i-l)éc

d=1t

At last we prove the boundedness of |\, )., SUDy <. in,—ny<p F (#)
( ) du dv.

LetueI\I Then ue I, \I, ., for some ae {0, 1, .., 7—1}.

T—1

F? ()= 2% 27'Dy(u+277"Y,  n;=a

I=n

n
2™,
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If n, <a, then

; sup Fip (u) Fiz(v) du dv

PR CAVAR O AV n <a

—1
a=0
|"|*”2|<ﬁ

2"(d—n,+1)2m
2:120’

sup

0 =7 n<a
\n1*”2|§/j

U
M

© 2aza+/3 _ 1

0 d=1

N
I

That is, n, = a can be supposed.
We have two cases:

u—2""'el, (12.1)

and

u—2""'er,\I,,, for some be{a+1,a+2,.,7—1}. (12.2)

In case (12.1), F}, (u) <2%(t—a). Thus,

7—1

=

a

0 L,(z*“*‘)w, Vn<t

In case (12.2), Fﬁl,r(u) can be different from zero only when a<n, <bh.
This gives

[e’s} T—1 7—1
2 3
) > sup  F, (u) F;, (v) du dv
(L2~ \I, (27" D)) x(I,\;y ) Vi<t

d=1 a=0 b=a+1
|y —my|l <p

<Y X > yb+d sup 29 —ny+1)2"(d—n,+1)

d=7 a=0 b=a+1 ny, ny <7, |ng—ny| <p
a<n <b
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7—1 T—1 1

240+ H(d—b+1)

T a=0 b=a+1 2b+d
e} T—1 2u ) e 21' 5
<c ) > ?(dfa) <c ) 27/(51*'5) <c.
d=1 a=0 d=1

The proof of Lemma 12 is complete. |

LEMMA 13. § (/) SUDY n< e, oy <p F o (1) F7(0) du dv<c, where j=2, 3, 4.

Proof. 1In the same way as in Lemma 12, j=3 can be supposed.

Let vel,, v#0. Then vel,\I,,, for some d>1. As in the proof of
Lemma 12 we have F; (v) =(d—n,+1) 2™.

Let uelI\l,. Then uel,\I, , for some ae{0,1,..,7—1}. Then for
n, <a we have thl(u) < 2™ (see the beginning of the proof of Lemma 9).
This case can be treated in the same way as in the proof of Lemma 12 (for
F 51, J(u)). Consequently, n, >a can be supposed.

We have cases

u—2-"'ef. (13.1)
and
u—2""'er\I, ., for some bef{a+1,a+2,.,71—1}. (13.2)

Investigate (13.1). Then we already have (in the proof of Lemma 9,
investigation of (9.1)) F, (1) <c2°

1 S’s]

Y j sup Fjl(u)Ff,Z(v)dudv
0 d—z LQTHxUNLL) Vi<t
|ny —my| <p

p

a

t—1 o Za(d_f+1)2r T—1 Da
T omad S =<
212:1 ¢ Z 27 ¢

a=0
Discuss case (13.2). We have to deal with the following subcases:
a<n,<b, then n,<nm, +f<b+p, (13.2.1)

a<b<n,. (13.2.2)

First, see (13.2.1). Then, we have (by the formula for F :1 in the proof of
Lemma 9) Fjl(u) <c2“and
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Yy ¥ j sup  F* (u) F (v) du do
d=7 a=0 b=a+1 (Ib(27ail)\Ih+l(ziail))x(ld\lfhrl) Vn<zt
ny—nmyl <p

& 1
<c Y Y X g swp 22%(d—my+l)

Vn<t
|n) —my| <p

o0 7—1 T—1

<Y Y Y g2t Md—b41)
d=7 a=0 b=a+1
[e) T—1 24

<c ) > ?(d*d)z

T

<c ) ?(d—‘c)2<c.
d=1

At last, see (13.2.2). By (9.2.3.0) we have F;, (1) < 22"~ "(n, — b+ 1). This
implies

) T—1 7—1

> j sup Fjl(u)Ff,z(v)dudv
d=1v a=0 b=a+1 (Ib(ziail)\llwr1(27“71))X(I{I\ILHI) Vn<t
|ng—ny| < B
[°e) 7—1 7—1 1
ayb —nyn
<S¢y X X gpra sup 220
d=7 a=0 b=a+1 ny,ny<t,b<m

|"]*"2|<ﬁ
x(d—ny,+1)(n;—b+1)
Z 2h+,j 2u+b(d_b+c)2

d=1v a=0 b=a+1

This completes the proof of Lemma 13. ||

Lemmas 12 and 13 give

COROLLARY 14, f(,\,r) w1 SUPY n <.y —myl <5 F;l(u) F',iz(v) du dv < ¢, where
i, j=2,3,4.

Lemma 5 and Corollaries 11 and 14 are used to prove the following
lemma which is the very base of the proof of Theorem 1.
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Define the maximal operator

Gf(u, v) := sup G, o, f(u, v)
neP
[ny—my| <p

= sup
ne P2
[y —ny| < p

jzf(x, V) G, (uFx) G, (vFy) dx dy|.

Let feL'(I?), supp fe L(x")xI(x*)=:J, xJ,, j,lszf=0 for some
7eN, x=(x', x*)eI>. Then

LEmmaA 15. LZ\(JliZ) Gf<clfl-

Proof.
ar<| SUp G f

IN(JyxJy) Anz=t—f
|ny—ny|<p

j12\(11 xJy)

+I Sl,lp Gnl,nzf::Al +A2
IP\(J, % J)

Vn<rt
lng—nmy| < p

By Lemma 5 and the theorem of Fubini we have

a<| el | sup |G, (u+x) G, (v 1) du do dx dy
I(x") < I(x?) I\ X L) An>7—p
lny—nm| <p

= /. )l
I(xY) < I(x?) IP\(I,x 1)
x sup |G, (u) G, (v)| dudvdxdy<c|[];.

An=t—pf

|n—ny| <p

On the other hand,

A2<J sup Gnl,nzf—i_J‘ sup Gnl,nzf
(IN\L(xH) x (INI(*?))  Vn<t (NL(xY) xI(x}) Vo<t
‘”1*”2‘<ﬁ |n17n2\</3

+j sup G, .S =141+ A2+ A5 5.
L(xY)x (I\I(x?))  Vn<z

"71*"2| <p
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Since |G,|=G,=Y7_, F', then the theorem of Fubini and Corollary 14
give

A, sz |f(x> J/)|f sup |G, (u) G, (v)| du dv dx dy
IL(x") < I(x (NI xI, Vn<t
[n—ny| < p
4
<Y | /(% )|
i j=2 L(x") x I(x?)
xj sup  F,, (u) Fj (v) dudvdxdy<c|fl,.

(UN\I)xI. Vn<t
ng—m| <p

In the same way we have 4, ;<c | f1,.
The rest is a discussion of 4, ;.

| sup f(x. )
(INL(x?) x (INI(x*))  V/n<t

|ny—nyl <p

Ay < |
I(x") x I(x?)

X (Fo (u+x)+F; (u+x)+F, (u+x))
X(F7 (v+y)+F, (v4+y)+F, (v+y)) dx dy| dudv

+| sup f(x, )
(I\I(xM) x (I\I(x%))  Vn<z

‘”[ *”2| <p

f[,(x') x I(x?)

X <Fﬁ;’(u—i—x) Y. Fi(vty)

Jj=2.3.4

+ Y F,(utx) Fﬁ’zf(v—i-y)> dx dy’dudvz:Az,l,l—i-Az, 12
i=2,3,4

Since for (x, y) e I(x")) x I(x?)), (u, v) € (I\I(x")) x (I\I(x?)) then (u+x,

v+y)e(I\I,)x (I\L,). Thus by (10) we have on this set F,=F, . It

follows that F, (u+x), F} (u+x), F}(utx), F; T(U—Fy) F3 (v+y) dnd

F? (v+y) are constants as (x y) ranges over the set I (x!') x 1( 2). Conse-

quently,

Ay = sup ‘(Ff,lvr(u+xl) +F5 (udx") + F (utx")
(INL(x") < (INI(xD)  Vin<z
Iny—nj| <p

X (Fp (v+x%)+F) (v+x%) + Fp (0+x%))

du dv=0.

x| fix, v dx dy
L(xY) = I(x?)
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On the other hand, Corollary 11 and the theorem of Fubini give
A, 1 ,<c|fl;. The proof of Lemma 15 is complete. [i

After all we turn our attention to Theorem 1. Set

Tf(u,v) = sup T\ 0y S (1, 0)
neP
|ny —n,| <p

= sup
neP?
|n1*"z‘<ﬁ

= sup  |dy(1f)(u, v)].

neP?
|y —ny| <p

sz(x, ) d, Wutx)d, Woty) dx dy

By the help of Lemma 15 we prove that (operator G and then) operator
T is of weak type (1,1). This means that for all feL'(I?), A>0 the
inequality |7f>A| <c | f]|l,/4 holds. Since the two-dimensional Walsh
polynomials are dense in L'(I?) and since for a dyadic polynomial
d,(IP)— P (as min(n,, n,)— o) where P(n,,n,)=0 for n,n,=0 [8],
then this implies Theorem 1 by standard argument [7, 10].

In order to this we need a decomposition lemma of type Calderon and
Zygmund.

Lemma 16 [5, 10]. Let feL'(I?), 2> |f|,. Then f=fo+37, fu
Mjhere HfO H o0 <4}“7 Supp fn gI/\'n(x(ln)) X Ikn(x(zn)) = Jrlz X J}27 (x(ln)’ x(zn) 615
kpeN), .0 fu=0, I, <8A1J, xJ}| (neP). The sets J, xJ; are
disjoint, furthermore |Q|=|U,cpJ) X J2| < | fIl1/A

Proof of Lemma 1. Let feL'(I*), A>0, apply Lemma 16 and the
o-sublinearity of operator G. Apply also that |G, xG, [;<c
((n,, ny) e P?) (this follows from Lemma 4) implies ([9]) that the operator
G is of type (oo, o), that is, |Gf||l., <c || f]l., for all fe L*(I?). Conse-
quently, |[{Gfy>cA}|=0if cA> || fo] -

2 1 3
[{xel .Gf>26/1}|<|{Gf0>c/1}|+|.Q|+d LZ\QG<Z f,>

i=1

oo}

[FATnES

n Gf;
A cA = Jﬂ\(./}x.lf) o

i

<c

i Z B/,

Jj=1

A
=¢ y) +C/l
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Lemma 15 gives

B<c|fily  (jeP).
Consequently,

Y Bi<e Y Ifli<clfIh.

j=1 j=1

That is, operator G is of weak type (1,1). And since
|d, W|<12G,,,
then we have
{xel” - Tf>A | <Hxel” :cG(If)> 2 <c | Ifl i =cllfll.

This completes the proof of Theorem 1. ||

2. AN APPLICATION OF TYPE (H, L")

Let function a be an H° atom with the corresponding square I,(x') x
IL(x)=:J,xJ,cI? (teN, x=(x',x*)el?). Lemma 15 gives that
j,g\(J]XJZ) Ta<c |al,<c. That is, operator G is H°-quasi-linear (for the
definition of quasi-linearity see [9, 12]). Since the operator sup, ,, .~
|f#(G, xG,)| is bounded from L”(1%) to L”(I*) for all 1 <p<oo (see
[8]), then so does the operator Gf =sup, _, <paene|f* (G, XG,)|
Since G is sublinear and H° is quasi-linear then by the theorem of Weisz
[11, Theorem 1] we have

THEOREM 17. Operator G is of type (H°, L"), i.e.
IGflh<clflu  (feH).

Since ||| o< ||y, then this follows that H < H°. Consequently, we
also have

COROLLARY 18. Operator G is of type (H, L").
Since 7> ¢G(|f]) then we have

COROLLARY 19.  For operator T we have

1T <c LA e (/1€ H®).

Finally, the author thanks the referees for their work.
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